Introduction
In this paper, all groups are finite unless otherwise stated. All characters of a group are assumed to be complex-valued. Let K n be the complete graph with n vertices. For a group G, let Irr(G) denote the set of all irreducible characters of G. Let H be a subgroup of G and χ be a character of G. χ H is its restriction to H. In [2] , a graph called relative character graph is defined as follows:
Definition 1.1 If G is a finite group and H is a subgroup of G, then the relative character graph denoted by Γ(G, H) has the vertex set V = Irr(G).
Two vertices χ and ψ are joined by an edge if χ H and ψ H have at least one irreducible character of H as a common constituent.
Its properties and some examples were studied in [2] , [5] , [6] and [7] . In this article, we focus on examples of relative character graphs for GL (2, q) and its subgroups, where q is an odd prime.
Character Theory of GL(2, q) and its subgroups

Notations and Prerequisites
We shall follow the notations used in [4] . Let F q be the finite field of order q. Let F q 2 be the finite field of order q 2 and let S = {s ∈ F q 2 | s q = s}. Then S is a subfield of F q 2 of order q and hence is isomorphic to F q . From now on we shall identify the subfield S of F q 2 with the field F q . Note that if r ∈ F q 2 , then r 1+q and r + r q are both in the subfield F q of F q 2 , see [1] for further reference. Take r ∈ F * q 2 \F * q , let
The conjugacy classes of G can be described by Proposition 28. 
Characters of GL(2, q)
The character table of GL(2, q) is described by Theorem 28.5 in [4] . 
Theorem 2.2 ([4]) By the notations in Section 2.1, the irreducible characters of GL(2, q) are given by
λ i , ψ i , ψ i,j , χ i as follows. sI u s d s,t v r λ i s 2i s 2i (st) i r i(1+q) ψ i qs 2i 0 (st) i −r i(1+q) ψ i,j (q + 1)s i+j s i+j s i t j + s j t i 0 χ i (q − 1)s i −s i 0 −(r i + r iq ) For λ i , ψ i , we have 0 ≤ i ≤ q − 2. For ψ i,j , we have 0 ≤ i < j ≤ q − 2. For χ i ,
Characters of B
We call B the Borel subgroup of GL (2, q) . 
It is equal to |B| and it is the class equation on B. Hence we have found all conjugacy classes of B. We summarize the result as follows:
Lemma 2.3 By the notations in Section 2.1, there are (q − 1)q conjugacy classes in B ⊂ GL(2, q), described as follows:
Then we shall look at the character table of B.
Let B be the derived subgroup of B. We have
This quotient group has order (q − 1) 2 and hence there are (q − 1) 2 irreducible linear characters of B.
Hence 
We use Proposition 21.23 in [4] to calculate β i for each conjugacy class representative as follows. For g = sI, we have
For g = u s , we have
To conclude, β i has the following values on each conjugacy class:
The following calculations
show that β i is not irreducible. We calculate β i , α i,i B as follows.
Hence, γ i is an irreducible character for each i in 0 ≤ i ≤ q − 2. γ i has the following values on each conjugacy class: 
It is clear that all δ i are distinct. The following calculation
shows that δ i is irreducible for all 0 ≤ i ≤ q −2. where
The following definition will be used in the last section.
Definition 2.5 If k < 0, then we define δ k as a character of B by
Characters of D
we call D the diagonal subgroup of GL (2, q 
Definition 2.7 If k < 0, then we define f i,k as a character of D by
where 0 ≤ k ≤ q − 2 and k ≡ k mod (q − 1).
Relative character graphs
This section is devoted to the study of certain subgraphs of Γ(GL(2, q), B) and Γ(B, D).
Γ(GL(2, q), B)
To illuminate our discussion, let
Then let Γ S (GL(2, q), D) be the subgraph of Γ(GL(2, q), D) spanned by the vertices in S. Let K p be the complete graph of p vertices. Let K p be the graph obtained by removing an edge from K p . The following theorem was shown in [6] . We shall look at Γ S (GL(2, q), B) . [2] . First, we calculate the values of restrictions of the characters of GL(2, q) to B.
Theorem 3.1 ([6]) Let G = GL(2, q) and D be the diagonal subgroup of G. Let S be the set defined in (1). Let Γ S (G, D) be the subgraph of Γ(G,
DSince D ≤ B ≤ GL(2, q), Γ S (GL(2, q), B) is a subgraph of Γ S (GL(2, q), D) by Lemma 2.4 in
Lemma 3.2 By the notations in Section 1, Definition 2.5, Theorem 2.2 and Theorem 2.4,
Proof. By Theorem 2.2,we have the following table,
Comparing this We are in the position to describe Γ S (GL(2, q) , B). GL(2, q) and B be the Borel subgroup of G. Let S be the set defined in (1) . Let Γ S (G, B) be the subgraph of Γ(G, B) spanned by the vertices in S. Then Γ S (G, B) has (q−1) connected components. Of these, (q − 1)/2 are isomorphic to K (q−1)/2 and (q − 1)/2 are isomorphic to Q (q+5)/2 , where Q (q+5)/2 is the graph defined in Definition 3.3. (G, B) ), then the subgraph Γ S λ (G, B) spanned by the vertices in S λ has q − 1 isolated vertices since (λ i ) B and (λ i ) B have no common irreducible constituent for i = i , by Lemma 3.2.
Theorem 3.5 Let G be the group
Next, let 
Γ(B, D)
First we look at the restrictions of the irreducible characters of B to D. 
Proof. By Theorem 2.4, we have the following table:
It is clear that 
The last equation is valid since s = t. It is equal to 0 because 
